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ABSTRACT 
The use of an active component in an automotive suspension to enhance the over-
all performance by overcoming the compromises between conflicting demands such as 
passenger comfort and road handling has been the focus of researchers for many decades. 
The main objective of this research is two-fold: the first objective is to assess the 
benefits of using advanced control methods for the design of active suspension systems: 
the second objective is to investigate a relatively new concept of active infinitely variable 
natural frequency IVNF pneumatic suspension design. The active IVNF suspension has 
the ability to infinitely vary the natural frequency that allows it to achieve superior 
performance over contemporary suspension systems. 
In order to assess the effectiveness of various controller designs, a quarter car suspen-
sion model from existing literature is used. Three different control designs (PI, LQG, 
and Ham ) are compared for stability, performance and robustness. It is shown that the 
advanced H~ control design methodology yields a superior controller that has signifi-
cantly better stability and performance robustness as compared to classical designs that 
are currently in use. 
The novel concept of using an active pneumatic suspension system that has an in-
finitely variable natural frequency is thoroughly investigated. A complete non-linear 
analytical model for a quarter car active IVNF pneumatic suspension system is ob-
tained. The two candidate controller designs, LQG and Ham , are used to design robust 
controllers for the nominal linearized model derived for this system. A thorough inves-
tigation is performed to assess the technical viability of using active IVNF pneumatic 
X111 
suspension system, which uses active control designed using advanced control design 
methodologies. The simulation results demonstrate that implementation of an active 
IVNF pneumatic suspension system is indeed possible. 
The successful experimental validation of simulation results has a potential to rev-
olutionize the future generation of vehicle suspension systems. The continued research 
will primarily focus on experimental validation of the results obtained in this thesis. 
1 
1 INTRODUCTION 
The use of an active component in an automotive suspension to enhance the overall 
performance by overcoming the compromises between conflicting demands such as pas-
senger comfort and road handling has been the focus of researchers for many decades. 
Recognizing the potency of the active suspension system, researchers took a lot of inter-
est in this field as early as the late sixties, which led to the birth of active automobile 
suspension design [ 1, 2] . 
In the past two decades, a Iot of work has been done in this field [3, 4, 5, 6, 7, 8, 9, 
10, 11, 12, 14]. All of the previous literature either use optimal control methodologies 
[3, 4, 5, 6, 7, 8] or robust control techniques [9, 10, 11, 12, 14] for the design of the con-
trollers. Also, a renewed interest is noticed in the recent years due t0 the invention Of 
smart actuators like the magneto-Theological dampers, which can replace the hydraulic 
cylinder as active component. Due t0 their simplicity of use and reduced maintenance as 
compared to hydraulics, they are very suitable for the application to suspension design 
and thus have rekindled hope amongst researchers [16, 17, 18] . All the contemporary 
active suspension designs whether using a hydraulic cylinder or amagneto-Theological 
damper, are based On the concept Of introducing energy into the system t0 achieve -the 
desired performance enhancement. The most extensively used actuator for this pur-
pose is the hydraulic cylinder. Contemporary active suspension systems with hydraulic 
cylinders as the active component can be found in cars like Chevy's Corvette, Toyota's 
Celica, Nissan's Infinity and many others. 
Figure 1.1 shows a very simple block diagram layout Of a typical closed-loop control 
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Figure 1.1 Closed-loop active automobile suspension system 
system, which in the present case is a hydraulic active suspension. Sensors such as, 
accelerometers and/or LUDTs are mounted in appropriate places for purpose of mea-
surement. The sensors record the response of the vehicle to external disturbances which 
may appear in the form of road irregularities, wind gust etc. The sensed output is com-
pared with the reference input signal and the error signal is input into a controller. The 
controller which is typically implemented on a DSP chip, forms the brain of the closed 
loop system. Depending on the performance desired, the controller takes corrective ac-
tion and sends appropriate signal to a directional control valve. Based on the polarity of 
the signal, the directional control valve opens to allow for the flow of hydraulic fluid into 
either side of a double acting cylinder, which is the actuator. This causes the piston in 
the cylinder to be pushed outwards or pulled inwards thereby providing the actuating 
action for the suspension. After actuation has occurred, the resulting response of the 
automobile is again sensed, compared with the reference desired signal and any further 
control action required is determined by the controller. This process of feedback and 
corrective action repeatedly takes place until the error between the sensed output and 
the reference signal is within some predetermined allowable limit. 
With the above explained phenomenon forming the basic idea of active suspension 
systems, the ensuing section explains the main performance considerations of typical 
active suspension systems in greater detail and the, added flexibility obtained by intro-
ducing an active component into the system. 
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1.1 Performance Considerations 
The performance criteria, even for the case of a simplified 2-DOF quarter car sus-
pension model, ranges over a broad spectrum of objectives interconnected to each other. 
Among them, the main performance criteria are, 
• Suspension space or Rattlespace. 
• Road contact. 
• Chassis acceleration. 
• Passenger discomfort . 
• Road handling. 
Suspension space is quantified by the magnitude of relative displacement between the 
wheel and the chassis. Road contact is measured by observing the relative displacement 
between the road terrain and the wheel. In real life, it is very difficult to physically mea-
sure this performance objective. Chassis acceleration is another important performance 
measure which can be measured very accurately and can be used for feedback. The last 
two performance measures are not very clearly defined. The reason for the ambiguity in 
the definition is that these two criteria depend on more than one performance measure 
at the same time. For instance, passenger discomfort depends on chassis acceleration 
and chassis displacement. Road handling includes suspension space and road contact. 
Even though quantifying passenger discomfort and road handling accurately is a difficult 
task, they are the most important and frequently used measures in previous literature. 
Suspension systems have to be able to carry varying loads, provide good cornering 
ability and at the same time provide passenger comfort. Passenger comfort requires 
that the suspension be as soft as possible so as to minimize transmissibility, whereas 
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insensitivity to applied loads demands for a stiff suspension. To make things more com-
plicated, to achieve good road handling, the suspension should neither be very soft nor 
very stiff. Due to this conflicting nature of performance measures, traditional automotive 
suspension designs have always been a compromise between ride handling, Ioad carrying 
and passenger discomfort. This compromise is predominantly influenced by the type of 
vehicle and its usage. 
A typical conventional suspension system comprises of a spring which has the capac-
ity to store energy and a viscous damper to dissipate the same. Their parametric values 
are generally fixed to achieve an optimal tradeoff between the above mentioned perfor-
mance criteria. On the other hand, an active suspension system apart from storing and 
dissipating energy, has the ability to introduce energy into the system on demand. Due 
to this added degree of freedom, the dynamics of the suspension system can be altered 
appropriately to adapt or react to the continuously changing environment. This greatly 
reduces the compromise between conflicting performance criteria which was inevitable 
in the traditional suspension case. 
Even for the case of a contemporary active suspension system, the dashpot of con-
ventional suspension is still retained. This is undesirable when aiming for zero transmis-
sibility. But, if the damper is removed from the suspension, then the vehicle response 
to road disturbances becomes highly oscillatory and unacceptable. Hence, in order to 
obtain good performance, the dashpot has to be removed from the suspension and at the 
same time, the system has to be critically damped when exited at its natural. frequency. 
The proposed concept of infinitely variable natural frequency, or in short IVNF ac-
tive pneumatic suspension, aims to achieve the desired objective. The active IVNF 
pneumatic suspension comprises only of an airspring which is connected to an accumu-
lator through a variable orifice mechanism. The dynamics of the airspring and hence its 
natural frequency can be altered by controlling the degree of communication with the 
accumulator. For instance, at steady state, when the vehicle is moving on flat terrain, 
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the orifice is completely opened in order to provide unrestricted airflow between the 
airspring and the accumulator. At this state, the natural frequency of the airspring is 
very small and near zero transmissibility is achieved for road disturbances. Due to this 
near zero transmissibility, the chassis is completely isolated from the wheel mass. In 
the event Of a wind gust or inertial forces caused due to braking, the chassis begins to 
oscillate at a very low frequency and with negligible damping. In order to arrest this 
motion, the orifice diameter is reduced to an extent where the system achieves critical 
damping. After the chassis Oscillations have been damped and the chassis returns to its 
steady state position, the orifice is completely opened, thereby returning the system to 
its original state. 
This novel concept of active IVNF pneumatic suspension system coupled with the 
emergence of advanced and powerful control design methodologies in the form of robust 
control, have motivated and inspired the present research. The main objectives Of the 
thesis are explained in greater detail in the subsequent section. 
1.2 Main Objectives 
The main objective of this research is two-fold: the first objective is to assess the ben-
efits Of using advanced control methods for the design of active suspension systems: the 
second objective is to investigate a relatively new concept of infinitely variable natural 
frequency active IVNF pneumatic suspension design. The active IVNF pneumatic sus-
pension has the ability to infinitely vary the natural frequency that allows it to achieve 
superior performance over contemporary suspension systems. 
In order to assess the effectiveness of various controller designs, a quarter car suspen-
sion model from existing literature is used. Three different control designs (PI, LQG, 
and Ham} are compared for stability, performance and robustness. It is shown that the 
advanced H~ control design methodology yields a superior controller that has signifi-
6 
candy better stability and performance robustness as compared to classical designs that 
are currently in use. 
The novel concept of using an active pneumatic suspension system that has an in-
finitely variable natural frequency is thoroughly investigated. A complete non-linear 
analytical model for a quarter car active IVNF pneumatic suspension system is ob-
tained. The two candidate controller designs, LQG and H am , are used to design robust 
controllers for the nominal linearized model for this system. A thorough investigation is 
performed to assess the technical viability of using active IVNF pneumatic suspension 
system controlled using advanced control design methodologies. 
1.3 Organization of the Thesis 
This report is broadly classified into two main parts. Part I comprises of chapters 
1-4, and the remaining chapters make up part II. Chapter 2 gives a brief overview of the 
control design methodologies used in this research to design controllers for the suspen-
sion system. Chapter 3 explains the mathematical modelling of a contemporary 2-DOF 
quarter car suspension model taken from [12] . This model is used as a bench-mark to 
compare the performance and robustness aspects of each of the control methodologies 
used in this research. Simulation results obtained for the contemporary case are then 
presented in chapter 4. Chapter 5 of part II gives introduction and mathematical mod-
elling of an active IVNF suspension system using an accumulated pneumatic spring. 
The control design methodologies explained in chapter 2 are then used to design con-
trollers for the active pneumatic suspension system. Simulation results for the case of 
the analytically obtained pneumatic suspension model are presented in chapter 6. Fi-
nally, chapter 7 presents concluding remarks on the overall objectives achieved in this 
study and sheds light on the avenues for further research that have opened on account 
Of the positive results obtained thus far. 
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2 CONTROL DESIGN METHODOLOGIES 
. This chapter gives a brief background of control design methodologies used for the 
active suspension designs presented in this thesis. The controller designs used primarily 
include robustified LQG, H-infinity, and µ-analysis. A brief treatment of uncertainty 
modelling and uncertainty characterization is also given in the context of synthesis of 
controllers for stability and performance robustness. 
2.1 LQG Controller Design 
The LQG controller design is one of the first multi-input multi-output (MIMO) state-
feedback control design methodologies which has been widely used since its introduction 
to the control community. LQG controller is a combination of linear quadratic regulator 
(LQR) and an optimal state estimator -Kalman filter. One important property of LQG 
design is that the Separation Principle holds, i.e., the regulator and estimator gains can 
be independently chosen. LQG design methodology allows control designer to take into 
account the process and measurement noise models and yields an optimal controller that 
minimizes a quadratic performance function. The quadratic performance function can 
be used to achieve an acceptable trade-off between performance and control energy to 
be expended. The classical control techniques like PID can be used very effectively for 
single input single output (SISO) systems but are not very suitable for MIMO systems. 
In case of MIMO systems, the coupling between different input-output channels cannot 
be accounted for in a systematic manner using classical methods. Presence of multiple 
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inputs in the system also calls for some kind of optimal synthesis to obtain the most desir-
able control signal. Traditional PID techniques cannot meet these MIMO requirements. 
Moreover, these methods do not allow incorporation of robustness considerations in the 
design. These several drawbacks limit the use of classical designs in complex MIMO 
systems. While LQG design offers an optimal state-feedback control solution for MIMO 
systems, it has certain drawbacks which often times limit their use for real-world appli-
cations. LQG controller uses state feedback control law which requires a state estimator 
and the state estimator in turn requires perfect model of the system which is often times 
not available. LQG controllers are shown to have no guaranteed robustness margins 
[13]. The second drawback is that the resulting controller is at least of the same order 
as the plant, which in the case of high-order systems, leads to expensive computations. 
In this research, an LQG design methodology is used in combination with an iterative 
procedure that allows it to incorporate the robustness in the design, which is a primary 
drawback of the classical LQG technique. It will be shown that by using the frequency 
domain robustness condition, an iterative procedure can be used to synthesize the LQG 
controller gains such that it is robust to certain class of uncertainties in the plant model. 
Before introducing an iterative LQG design for robustness, a brief background of the 
classical LQG design methodology is presented for the purpose of completeness. 
An LQG (Linear Quadratic Gaussian) control considers a linear time-invariant plant 
with actuator and sensor noise which are white noise processes, the quadratic perfor-
mance index consisting of state and control costs, and state-feedback control law based 
on estimated states. 
Consider a plant described by the following state-space model (excluding disturbance 
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input : 
x(t) = Ax(t) + Buu(t) + B,~w(t) 
yp(t) = m(t) (in our case) 
(2.1~ 
where, u(t) is the control input, w(t) is the actuator noise, v(t) is the measurement 
noise, yp(t) is the performance output, and m(t) is the measurement output. w(t) and 
v(t) are assumed to be uncorrelated zero mean white noise processes. 
The LQG performance function is given by: 
J = E 2 ~ [x(t)TQx(t) + uT (t)Ru(t)] dt~ (2.2) 
where the state and control weighting matrices satisfy: Q = QT > 0 and R = RT > 0. 
The optimal control input is given by 
u(t) _ —Ksx(t) _ —R-1Bu Px(t) (2.3) 
where, x(t) is the estimated state, KS is the regulator gain and P is the solution to the 
following (steady-state) algebraic Riccati equation (ARE): 
ATP + PA — PB~,R-1B~ P + Q = 0 (2.4) 
x(t) is the optimal state estimate obtained using the following observer (Kalman filter): 
x~t~ _ ~A —LCD, — B~Ks ~x~t~ -}- LC~,x~t~ (2.5) 
where, L is the Kalman gain given by: L = E(t)CmV-1. V is the sensor noise covariance 
given by V = E ~vvT ~ and E is the solution of the following ARE known as the filter 
Riccati equation. 
~ AT -f- A~ — ~ CT V -1 Cm ~ + Bu W -1Bu = 0 (2.6) 
10 
where, W = E ~wwT ~ is the actuator noise covariance. The LQG controller is the 
combination of Kalman filter (Eq. 2.5) and regulator (Eq. 2.3). The control design 
parameters for tuning the LQG controller are the weighting matrices Q and R and noise 
covariances V and W. By the Separation Principle, matrices Q and R can be chosen 
independently from V and W . The state weighting matrix Q is tuned to achieve the 
desired performance. Typically, increasing Q increases the state feedback gains, but, the 
Kalman gains remain unaltered. The large state feedback gains generate larger control 
inputs resulting in better control and hence, improve performance. The input weighting 
matrix R is tuned to appropriately to constrain the control input. Similarly, increasing 
R reduces the magnitude of the input signal resulting in reduced feedback gains and 
hence degrading the performance. A suitable value is chosen for R in order to constrain 
the input signal to within the limit of the actuators. Weight W is the plant noise spectral 
density matrix and increasing W increases the Kalman gains. The larger Kalman gains 
make the estimator faster in order to adjust to the increased variations in the plant 
states. The control input also increases due to larger Kalman gains. Weight V is the 
noise spectral density matrix. Since the noise covariances V and W are not available they 
are used as design parameters in the process. With Q, R, V and W affecting the design 
synthesis as explained above, they are iteratively chosen to meet the robust stability 
condition (discussed later in Eq. (2.13)) as well as nominal performance requirements. 
The actual values of Q, R, V and W obtained to satisfy the above requirements will be 
given at appropriate places in the ensuing chapters. Also, it will be shown that for these 
particular values of the parameters, the frequency domain robust stability condition 
(given by Eq. (2.13)) is satisfied. 
2.1.1 Stability Robustness Using Singular Values 
As mentioned earlier in the chapter, the classical LQG formulation cannot guarantee 
robustness of the closed loop in an explicit manner. Hence, in order to ascertain its 
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robustness, concepts from robust stability analysis are incorporated. One such analysis 
procedure which fits the present design problem is based on parametric variations and 
is explained next. 
The robustness of LQG design to parametric variations is guaranteed by ensuring that 
the controller parameters satisfy the frequency-domain condition for robust stability. 
Figure 2.1 shows the block diagram layout of a typical closed loop system where, Ga
represents the actuator dynamics, G~ is the plant transfer matrix from the control input 
to the measured output, Gd is the transfer matrix of the disturbance dynamics and K 
is the controller. M(s), Y(s) and Yd(s) are the measured outputs, performance outputs 
and the fictitious input to the uncertainty block respectively. 
The plant uncertainty is assumed to be in the form of parametric variations. Like in 
the present study, the uncertainty is in the form of variations in the damping, stiffness, 
and the mass properties of the system. These parametric variations are modelled using 
an unstructured output multiplicative uncertainty characterization. The mathematical 
representation of the uncertainty model is given by, 
G = {G~ (I + OWo)G, O =uncertainty block} 
W o = 
Iwol 








In Eq. (2.7), `Wo' corresponds to the output multiplicative uncertainty weight which is 
chosen to satisfy the inequality in Eq. (2.9). 
Suppose that the uncertainty Do(s) is expressed as: Do(s) = 0(s)Wo(s), where, 
Wo(s) is the matrix of weighting functions chosen such that ~Do(s)~ < ~Wo(s)~ at all 
frequencies, then this condition ensures that 0(s) is an admissible perturbation which 
satisfies the H~ norm bound given by Eq. (2.10). 






o~ t  
G~ 
+ + Y(s) 
  M(s) 
K 
Figure 2.1 Uncertainty block diagram for evaluating Nydwd 
For the case of perturbations 0(s) satisfying Eq. (2.10), the closed-loop system is 
robustly stable if the H~ norm of the transfer matrix seen by the 0(s) is strictly less 
than 1. From Fig. 2.1, we notice that the transfer matrix seen by the O is nothing but 
the transfer matrix between Yd and Wd, which is given by 
I I1 V ~'d Wd~s)O~s)~ ~~ < 1 
Using the small gain theorem and Eqs. (2.10) and (2.11), the condition for robust 
stability in the case of unstructured output multiplicative uncertainty can be written as 
shown in Eq. (2.12). Since, the uncertainty weight Wo(s) is suitably chosen so as to 
ensure the condition given by Eq. (2.10), the interconnection is robustly stable if 
(I1Vydwd~Iop ~ 1 (2.13) 
Equation (2.13) provides one way of quantifying robustness. Also, in the ensuing sec-
tions, amore powerful tool known as the ~ analysis will be discussed for obtaining a 
much more realistic result on the robustness of a closed loop system. In this section, it 
was also shown that even though the basic LQG design cannot guarantee robustness of 
the closed loop, by modifying the LQG design methodology to incorporate the robust-
ness consideration, the closed loop system can be guaranteed to have robust stability for 
a given uncertainty model. In the LQG-based active suspension design presented later 
in the thesis, this robustification procedure is used. 
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Another very powerful, sophisticated, and highly effective advanced control design 
methodology that has been developed over last two decades is called as H~ control 
technique. The H~ problem formulation is different from other conventional modern 
control methodologies. The main idea behind the H~ design technique is to minimize 
the infinity norm of the transfer function (or matrix) relating disturbance inputs to 
performance outputs. This method also allows designer to systematically account for 
various uncertainties in the system as well as to shape the performance of the system 
while appropriately constraining the input signal levels to the allowable limits. The 
remaining sections of this chapter will present a brief background of the formulation of 
an H~ design problem and associated analysis and synthesis considerations. 





I' i 1 Pi 2 
i' 21 P 22 
P y 
Figure 2.2 Generalized control framework 
' Z 
Consider a generic control system block diagram of Fig. 2.2, where z and ~ denote 
the performance and measured outputs, respectively; w and u denote the exogenous and 
control inputs, respectively; and P and K denote the plant and stabilizing compensator 
transfer matrices, respectively. Almost all control problems can be formulated as shown 
in Fig. 2.2 by simple manipulations. The matrix N, which is the matrix from w to 
z is then obtained by wrapping the controller around the plant. The objective of the 
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Robust control design methodology is to find a stabilizing controller K which based 
on the information obtained from the measured outputs, generates appropriate control 
inputs so as to minimize the Ha, norm of the transfer matrix from w to z. In other 
words, the controller is required to attenuate the harmful effects of the exogenous inputs 
on the performance outputs by providing the plant with suitable actuation. 
One type of H~ problem involves bounding several transfer functions by appropri-
ate weighting matrices to obtain a desirable trade-off between robustness and perfor-
mance. Suppose, it is desired to obtain appropriate bounds for ~(S) from performance 
considerations, ~ (~') from robustness considerations and o~ (KS} from control energy 
considerations, then, these requirements may be combined into a stacked H~ problem 
as, 






W~ is the control input weighting matrix chosen appropriately to restrict the con-
trol effort to within the bandwidth of the actuator, W~ is the performance weighting 
matrix which is selected based on the performance desired and physical nature of the 
plant under consideration and WT is the weighting matrix on the complimentary sen-
sitivity function. The ability to explicitly include the design constraints as weighting 
matrices into the controller optimization routine is what makes the H~ control design 
methodology superior to other contempory controller designs including the LQG. 
The method for obtaining the generalized plant P with all the weighting matrices 
and the procedure to obtain the matrix N from the generalized plant for a generic mixed 
sensitivity control problem is explained next. 
Figure 2.3 shows a typical block diagram layout of any control problem. In fig 2.3, 















Generalized plant P  ~ 1 
Figure 2.3 Structure of generalized plant 
Ga represents the dynamics of the actuator and Gd is the transfer matrix describing the 
dynamics of the disturbance affecting the system. The dotted line shows the configura-
tion of the generalized plant P. This forms the starting point for the mixed sensitivity 
~~ control formulation, where the uncertain perturbations of the system are pulled out 
as uncertainty blocks d and stacked in a block diagonal matrix. Also, the controller K 
is pulled out of the system in order to obtain the generalized plant P. The next and the 
most important step in the design process is to find the generalized plant P. In order 
to construct P, all the loops entering and exiting the controller are broken to essentially 
make the system an open loop. Then the transfer function from each individual input 
to each individual output is identified as shown in Eq. (2.15). The equations are then 
assembled in a matrix form to obtain the generalized plant P. 
z~ = WT Gu 
z2 = Wu u 
z3 = WPGdd -~ Wpv -~- WpGu 
~ = Gdd-~v-}-Gu 
(2.15) 
The system N is obtained as shown in Eq. (2.16) by first partitioning the generalized 
plant P in such a way that its subsystem dimensions are compatible with the signals 
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[w, z, u, ~] in the generalized configuration. 
z= Pl l w+ Pl 2 u 
P = 
~ = P21w+P22~ 
Pl 1 Pl 2 
P21 P22 
(2.16) 
Hence, from Fig. 2.3 and Eq.(2.15), the generalized plant P which is nothing but 
the transfer matrix connecting the exogenous inputs w = 








0 0 WTG 
0 0 W u
WpGd Wp WpG 
Gd I 
0 0 










to the performance 
Pzi = I Ga I J P22 = ~CT~ L 
(2.17) 
(2.1s) 
Having determined the generalized plant P, the transfer matrix N can be obtained as 
follows. 
N = Fi(P~ K) =Pig + P12K(I — P22K)-1P2~ (2.19) 
where, 
Fl (P, K) denotes the lower linear fractional transformation of P with K as the design 
parameter. Robust stability and nominal performance is assured if a controller K can 
be synthesized such that the .~I~ norm Of the transfer matrix N is strictly less than one, 
i.e., 
~~F'i ~P~K)~~~ < 1 (2.20) 
Condition (2.20) is very similar in nature to the condition (2.13) and gives the neces-
sary and sufficient condition for ascertaining robustness of a system when the uncertainty 
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lacks structure. However, for MIMO systems, the uncertainty appears at different places 
and cannot be grouped as one single uncertainty block. This means that the uncertainty 
has a particular structure associated with it. In such situations, these conditions be-
come conservative and only give sufficiency. Since, improving robustness calls for giving 
up performance to a certain extent, this conservativeness becomes a hinderance while 
pushing for performance. Hence, it becomes increasingly important to find an analysis 
procedure which helps in obtaining both the necessary and sufficient conditions for de-
termining robustness. This way, performance can be pushed higher, and at the same 
time, a more rational conclusion can be made regarding the robustness of the system. 
2.2.1 Selection of Weighting ~.inctions 
As stated previously, the success of the H~ design lies in the judicious choice of 
the weighting functions. The selection of appropriate weighting functions is very much 
problem dependent and needs good physical insight into the system dynamics. Hence, 
more information regarding the selection of these weighting matrices will be given later 
at appropriate places. 
2.3 µAnalysis 
The Structured Singular Value (SSV) (or referred to as µ) provides a less conservative 
measure of robust performance and stability. It is a generalization of the singular value, 
~. µ is mathematically defined as 
µ (N)-1 ° oin{~(0)~ det(I — NO) = 0} O being structured (2.21) 
Form the definition, it is evident that ~ (•) not only depends on the system matrix but 
also on the structure of the O. As stated previously, singular values can be used to assess 
the robustness of the system but the conditions derived tend to be conservative except in 
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the case when the uncertainty lacks structure i.e the uncertainty is a full block complex 
perturbation. In such a case, µ(N) = Q(N). But, when the uncertainty has structure 
(like in the case at hand where the O is block diagonal), the singular values provide only a 
sufficient condition for determining robustness leading to conservative results. The SSV 
can be used to obtain both the necessary and sufi'icient conditions for robust stability as 
well as robust performance. Even though it is not possible to calculate the exact value 
ofµ (for 4 or more blocks in O), numerical evidence suggests that the bounds obtained 
are tight. Hence by using the µ analysis, a much more realistic conclusion can be made 
regarding the robustness of the system in the presence of structured uncertainty. The 
condition for robust stability and robust performance in terms of µ are given by Eqs. 
(2.22) and (2.23), respectively. 
N 
Figure 2.4 N-O configuration 
RS ~ µ0(N11) < 1, b'c.~, O = diag(O1, O2, ••) 
RP ~ µo (N) < 1, b'cv, O = diag(0, OP) 
(2.22) 
(2.23) 
In Eq. (2.22), N11 is the part of the matrix N seen by the d. Hence, for robust 
stability it is sufficient to show that the interconnection between the part of the system 
interconnected with the O is attenuating. In order to ascertain robust performance, 
apart from the ~ block already existing, another fictitious full block complex uncertainty, 
d p connecting the exogenous inputs and the performance outputs is constructed as 
shown in Fig. 2.4 and the ~ of the system in the presence of this augmented uncertainty 
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block is investigated. 
The following chapter deals with the mathematical formulation of the contempo-
rary quarter car suspension model. The control design methodologies explained in this 
chapter are used in the case of the contemporary model to ascertain their credibility. 
Based on the results, these methodologies will later be applied to the novel pneumatic 
suspension design. 
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3 MATHEMATICAL MODELLING 
Modelling an automobile suspension system to a high degree of accuracy is rather 
dif~i.cult due to uncertainties in numerous components of the system and highly coupled 
dynamics between them. Most of the existing literature on active suspension design 
uses a simplified 2-DOF quarter car model to capture essential dynamics of the system 
while reducing the complexity in the analysis. The quarter car model also facilitates 
easier experimental validation of the new active suspension design. In this thesis also, 
a similar quarter car model is used to analyze the robust control designs for active 
suspension system as it allows for a fair comparison with earlier active designs. The new 
pneumatic suspension system proposed is also modelled as a quarter car system for the 
same reasons. 
3.1 Quarter Car Model 
The contemporary quarter car model shown in Fig. 3.1 is considered for evaluat-
ing advanced controller designs and comparing these designs with earlier designs. The 
parameters of the quarter car model used are taken from [12] t0 facilitate a fair com-
parison of controller designs. Different controller designs obtained in this study are not 
only compared with each other but also with the PI design obtained in [12] . The main 
purpose of this head-to-head comparison is to establish the feasibility and possible ben-
efits of using advanced controller designs (presented in chapter 2) for active suspension 








Figure 3.1 Vertical 2-DOF contemporary quarter car model 
A schematic of the quarter car model (Fig.3.1) shows chassis and tire mass with 
corresponding damping and stiffness elements. In Fig. 3.1, the disturbance input 'd' is 
the vertical displacement due to the road unevenness and the control input 'u' is the 
actuation force. The model has two measured outputs: 
(i) 
xrel = (xa 
- xt) -the relative displacement between the chassis and the wheel 
mass, and 
(ii) xa = (a a ) -the acceleration of the chassis. 
The quarter car model comprises of the chassis with mass Ma and the wheel with mass 
Mt. The wheel dynamics is simulated by a parallel combination of a mechanical spring 
with stiffness Kt and a dashpot with damping constant Ct. Due to relatively low damping 
of the wheel dynamics, it is modelled as a stiff spring and hence the velocity of the road 
terrain d is neglected as an input to the system [12]. 
The suspension system is made up of a mechanical spring with stiffness K a , a conven-
tional damper with damping constant C a  and an active component such as a hydraulic 
cylinder, which provides the necessary force `u'. 
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The equations of motion for the quarter car model can be obtained as, 
Ma ~a = Ka ~xt — ~a ~ + Ca ~xt — ~a ~ + 2G 
Mt xt = Kt (d — xt) + Ct (d — xt) — Ka~xt — xa) 
— Cia ~~t — ~~y) — 2L 
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3.1.1 Actuator Model 
The LQG design can not be used for systems which have anon-zero D matrix, i.e., 
which are not strictly proper. In such cases, the system has to be modified by premulti-
plying the plant with a low pass filter which results in a strictly proper system. In many 
real-life cases this pre-filter dynamics is naturally provided by actuator dynamics. In 
the present case, the actuator model is taken from [12] and is a first-order Iow pass filter 
with a DC gain of 50 dB and a cutoff frequency of 0.1 rad~s in series with the plant. 
The transfer function of the actuator is then given by, 
CTact — (s + ~.1~ 
30 
(3.5) 
The state space realization for the actuator dynamics can be obtained from Eq. 3.5 as 
where, 
~ act = Aact x + Bact u 
act — Cact ~ + Dact u 
Aact = — ~ • 1 ~ Bact = 1 , cact = 30 and Dact - 0 
3.1.2 Combined Model 
(3.6) 
~3.7~ 
The dynamics of quarter car model (Eq. 3.3) together with the actuator (Eq. 3.6) 
can be represented in the state-space form as 
x = A~ -~ Bu u -}- Bd d 






B pu, tact Ap 
0 
B pd 
B u = 
Bact 
Bpu act 
C Dpi  tact Cp 
Dec = [Dact Dpu ~ Dd = ~Dpd ~ 
3.2 Uncertainty Characterization 
Typically, mathematical models of real-life systems, whether acquired analytically 
or experimentally, are often erroneous. The inaccuracies of the model arise from sev-
eral factors such as linearization, order reduction, uncertainties in the knowledge of the 
system parameters, unmodeled dynamics, and modeling errors. The controller design 
must account for such inaccuracies in order to safeguard the closed loop system against 
potential instabilities. This section presents characterization of plant uncertainty which 
will be used in robustness analysis of the LQG controller and synthesis of robust con-
troller for the system under consideration. Table 3.1 shows the nominal values of the 
system parameters and their perturbations considered in this design. 
Chassis Tire 
Ma =500 f 50 kg Mt=45 f15 kg 
Ka =60000 ~ 5000 N/m Kt= 2.5e5 ~ 0.2e2 N/m 
Ca=2200 ~ 200 Ns/m Ct =600 f 100 Ns~m 
Table 3.1 Nominal and perturbed values of the system parameters for the 
contemporary model 
The plant uncertainty is assumed to be in the form of parametric variations, i.e., 
variations in the damping, stiffness, and the mass properties of the system. These para-
metric variations are modelled using an unstructured output multiplicative uncertainty 
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characterization as explained in Sec. 2.1.1. The particular form of uncertainty was cho-
sen to be consistent with the uncertainty characterization in [12]. The mathematical 
representation of the uncertainty model is thus given by, 
G = {G~ (I -f- OWo)G, ~ = diag(Oxrel ~ ~~ a } ~ 
Wo = diag(WO~rel ~ W°x a 
(3.9) 
(3.10) 
In Eq. (3.9), `Wo' corresponds to the output multiplicative uncertainty weight for each 
of the output channels, which is chosen to satisfy the inequality in Eq. (2.9). The 




0.7s4 -~- 62.8s3 ~ 2526s2 -f- 2.7e4s -{- 1.3e5 
s4 -{- 112.1 s3 ~ 8543s2 ~- 4e4s -]- 6.3e5 
6.94e — 6s4 -}- 410s3 -f- 1.15e4s2 -~ 2898s -}- 180.2 
s4 -}- 498.3s3 -}- 4.9e4s2 -~- 1.97e5s -}- 4.4e6 
(3.11) 
The Bode plots of weighting functions in Eq. (3.11) are shown in Figs. 3.2 and 3.3. 
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Figure 3.3 Uncertainty weight of xa
3.3 PI Controller Design 
The state space representation of the PI controller designed in [12] is shown in Eq. 
(3.12) 
ApI = [0] BPI = f 1 p ~ CPI = [-0.001] DPI = I —0.0001 0.005 J (3.12)L L 
It is to be noted that, in [12], the control input matrix BPu of the state space model is 
slightly different than that given in Eq. (3.4). Comparing with Eq. (3.4), the nonzero 
elements of BPu in [l2] were given by: BPu (2, 1) = MQ and BPS (4, 1) = Mta . The 
reason for this difference is that, in [12], the control input `u' is the angular velocity 
of the actuator pump whereas in the present work, the control input `u' is the force of 
actuation. The performance weights chosen for the µ analysis of all the controllers in 
[12] are as shown in Eq. (3.13). These weights are used in this work to determine the Ec 




_ 0.0015 _  0.021 s _ 1.3 (s2 -F- 0.4128s -}- 0.0108) 
s -}- 0.5 
w~~Q 
s2 -~- 7s -I- 60 w°morel — s2 -~- 6.95s -~- 241.9 
(1200s2 + 1201s + 1.2) (s2 + 1.6931s + 0.1399)(s2 + 123.7s + 5122)
s2 + 11000s + le7 wOya  (s2 + 3.385s + 129.7) (s2 + 20.23s + 9960) 
(3.13) 
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3.4 LQG Controller Design 
In chapter 2, an iterative procedure was presented to obtain a robustified LQG design. 
It was shown that using frequency domain robustness condition, an iterative procedure 
can be used to synthesize LQG controller that is robust to certain class of uncertainties 
in the plant model. The control design parameters are weighting matrices Q and R 
and noise covariances V and W . These parameters were chosen in an iterative fashion 
to meet the robust stability condition of Eq. (2.13) as well as nominal performance 
requirements. The iterative procedure resulted in the following LQG design parameters: 
Q 
V = 
1e-4 0 0 0 0 
0 1 0 0 0 
0 0 le8 0 0 R= [le — 1] (3.14) 
0 0 0 1 0 
0 0 0 0 1e8 
90 0 
W = [9 * 1e6~ (3.15) 
0 90 
3.5 Weighting F`~.inctions 
It was mentioned in chapter 2 that the synthesis of ~~ controller depends on the se-
lection of the weighting matrices. For the synthesis of the stacked ~I~ problem described 
by Eq. (2.14), weighting functions are required to weigh the performance outputs, con-
trol inputs and the complimentary sensitivity function which in our case is a bound on 
the unstructured output multiplicative uncertainty. The selection of weighting functions 
is highly dependent on the nature of the plant. Hence, a detailed explanation on the 
selection of these weights is given in the following sections. 
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3.5.1 Performance Weights 
In standard notation, the performance weights are represented by the the transfer 
matrix Wp = diag(wpl ,wp2 , ...., wp,~) where wp2 is the weight corresponding to the i —
th output channel. The model considered in this study has two outputs. Hence the 
performance weights for each of the outputs have to be chosen taking into consideration 
the physical aspects pertaining to each output. For the first output, which is ~rez, the 
magnitude of x~.el has to be kept small over a wide range of operating regime so that 
transmissibility is reduced; but at the same time, if the magnitude is very small, then 
the driver may not have any feel for the variations in the road profile, which can be 
dangerous in some situations. Hence, an appropriate low pass filter given by the Eq. 






The second output is the acceleration of the chassis (Xa). An extensive study has shown 
that the human body does not appreciate vibrations especially around the 2 Hz region. 
Hence in order to suppress the acceleration of the chassis at this frequency, a band pass 
filter is chosen which provides a notch at the desired frequency of 2 Hz. The transfer 




s2 -}- 7s ~- 40 
3.5.2 Control Weighting Function 
(3.17) 
The control weighting is chosen to be a small constant value of le — 6 assuming the 


















Figure 3.4 Performance weights 
and the corresponding Bode plot is shown in Fig. 3.4. 
Wu = le -6 
3.5.3 Uncertainty Weights 
• - . ._ . _. ,103
(3.is) 
For the purpose of fair comparison, the uncertainty model and corresponding weights 
chosen for the synthesis of the H~ controller are the same as those chosen for the ro-
bustness analysis of the LQG design. So, for the case of the H~ controller design, the 
uncertainty weighting matrix WT is chosen to be same as the output uncertainty weight-
ing matrix Wo given in Section 3.2. This is because, the transfer function seen by the 
output multiplicative uncertainty is nothing but the complimentary sensitivity function 
(T) and WT is also the weighting for the same transfer function. Hence, intuitively, 
by choosing WT equal to Wo, the uncertainty affecting the system can be captured. A 
detailed explanation of the type of uncertainty and the uncertainty weights chosen to 
upper bound the uncertainties is given in Section 3.2. As explained in chapter 2, the 
classical LQG design by itself does not take into consideration the uncertainty in the 
system. Hence these uncertainty weights will be used for ensuring the robustness of the 
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LQG design. The same uncertainty model along with the other weighting functions are 
later used for performing the µ analysis of both the controllers. 
The next chapter presents the simulation results and comparison of PI, LQG, and 
H~ controller designs. Ahead-to-head comparison between LQG and H~ designs with 
PI controller (from [12]) is given to demonstrate the benefits of using advanced control 
strategies. 
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4 SIMULATION RESULTS FOR CONTEMPORARY 
MODEL 
The control design methodologies described in Chapter 2 are used to design con-
trollers for the contemporary quarter car active suspension model described in Chapter 
3. The main performance measure considered in this study was passenger comfort. This 
chapter is subdivided into two main sections. The first section presents simulation re-
sults for the case of the nominal plant model (i.e., it is assumed that the plant model 
is perfectly known). In the second section, the controller stability and performance is 
analyzed under plant perturbations for all three controllers. The performance and ro- 
bustness of LQG and the H~ design are compared with those obtained for the PI design 
in [12]. 
4.1 Performance Analysis 
Figure 4.1 shows the Bode plots of the open- and closed-loop systems for the first 
output. It is clearly seen that both the PI and LQG controllers are only able t0 suppress 
the resonant peak present in the open loop frequency response. But as a consequence, 
the gain at low frequencies is increased, which is not desirable. This increase in gain 
is basically due to the fact that the first output quantifies ride handling and passenger 
comfort which is the main performance criteria of this study is a conflicting measure. 
Hence, improving the performance of one measure degrades the other and vice-versa. 
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Figure 4.1 Bode plot of open and closed loop system for first output xTei 
is able to cope with these conflicting demands and suppresses the closed-loop Bode plot 
below that of the open-loop at all frequencies. Especially, at high frequencies, this 
is good since the uncertainty due to unmodeled dynamics is dominant in this region. 
In the case of the H~ controller, the magnitude plot of the closed-loop system never 
crosses the 0 dB line. This means that the undesirable effects of the disturbance input 
are attenuated at all frequencies. The same behavior is noticed for the second output 
channel and is as shown in the Fig. 4.2. Hence, the above analysis suggests that while 
seeking for performance, H~ controller seems to be the best option. 
Improving performance forms only one aspect of the design problem. Another im-
portant criteria to be considered is the amount of actuation power demanded by the 
controller. This is very important since actuators cannot have infinite bandwidth and 
higher bandwidth actuators are very expensive. Also, if the control effort required is very 
high, the actuator is subjected to undue stress loading, which reduces its life. Hence, a 
controller which provides a good performance and demands for reasonable control effort 
is always preferred over a controller which provides an excellent performance and has 
unrealistically high bandwidth demands. The bode plots of the controllers help explain 
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Figure 4.2 Bode plot of open and closed loop system for second output xa
this critical design criteria. 
The Bode plots of the two components of the controller transfer matrix are given in 
























Figure 4.3 Bode plot of first component of controller Karel 
It can be noted that the control effort required in the case of the PI controller is 
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Figure 4.4 Bode plot of second component of the controller Kx~ 
of H~ controller is considerably lower than even the PI controller. So, in our case, the 
H~ ~ controller not only provides the best performance, but is also the most suitable for 
implementation. This is a very promising result for further investigation of the suitability 
of H~ design methodology in the case of pneumatic suspension model. 
Until now, the performance objective was explained using the frequency domain 
results. The time domain analysis complements the frequency domain and helps ex-
plaining some very important concepts which are not very evident from the bode or 
Nyquist plots, like the peak overshoot, settling time,etc. Hence, time domain analysis is 
carried out in the case of each of the controllers to supplement and further strengthen 
the conclusions made thus far. 
Figure (4.5) shows the time response to a step disturbance command for the first 
output. The responses obtained for the PI as well as the LQG controller are almost 
identical. In the case of the LQG controller, even though the settling time is considerably 
reduced as compared to that of the open-loop, the peak overshoot remains the same. But 
with the ~~ controller, the peak response is of the order of 1e-3, which is insignificant as 
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Figure 4.5 Disturbance step response of Xret for nominal plant 
plot is suppressed significantly in the desired region. A considerable improvement in the 
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Figure 4.6 Disturbance step response of Xa for nominal plant 
Also, in the case of the second output, even though the settling time is considerably 
reduced, both the PI and LQG controllers are still not able to suppress the maximum 
overshoot. This means that, the passenger still feels a jerk when driving over an obstacle 
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like a pothole or bump. The H~ controller on the other hand has the peak with the 
magnitude of le — 4 which is again insignificant and hence passenger discomfort caused 
due to chassis acceleration is almost eliminated. The response is as shown in Fig. (4.6) . 
From the bode plots of the controllers, it was concluded that the control effort re-
quired in the case of the H~ controller is much lesser than in the case of the LQG 
controller. Comparing Fig. 4.7 and 4.8, a similar conclusion can be made for the time 
domain. 
Figure 4.7 Control effort in the case of the LQG controller for nominal plant 
4.2 Robustness Analysis 
For the purpose of evaluation of robustness of controllers, the methods explained in 
chapter 2 are used. 
Figures 4.9 and 4.10 show the results obtained by using the method explained in Sec. 
2.1.1. In both the figures, the peak magnitude is below 1 and hence from condition 2.13, 
it can be concluded that both the LQG and H~ controllers provide robust stability for 
the closed loop system. However, this method not only is conservative for the case where 
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Figure 4.8 Control effort in the case of the robust controller for nominal 
plant 
the uncertainty has structure, but also does not provide any idea about performance 
robustness of the closed loop system. Hence, the ~ analysis explained in Sec. 2.3 is used 
to obtain a more rational result regarding robustness. 
Figures 4.11, 4.12 and 4.13 show the plots of Structured Singular values for the case 
of the PI, LQG and the H~ controllers. From Fig. 4.11, it is evident that the peaks for 
both robust stability and performance are above 1. However, in Fig. 4.12 and Fig. 4.13, 
the peaks are below 1. Hence, from conditions 2.22 and 2.23, it can be concluded that 
while the PI controller neither provides robust stability nor robust performance, the LQG 
and the H~ controllers are able to achieve these robustness objectives. This frequency 
domain conclusion regarding robust stability and robust performance are further justified 
by performing time domain simulations and is explained next. 
For the purpose of evaluation of robustness of controllers in the time domain, the 
plant parameters are perturbed and simulations are performed. The first set of pertur-
bations are chosen such that the closed-loop system with the PI controller goes unstable. 

















Figure 4.9 Singular values of Nydwd in the case of LQG controller 
stable far perturbations which are within the allowable range given by table 3.1. For this 
set of perturbations, the behavior of the closed loop system with the other two controllers 
is examined. The first set of plant parameters for the perturbed system are as follows: 
M~ = 2200; Ka = 65000; Ca = 1800; Mt = 60; Kt = 2.499e5; and Ct = 500. Figures 
4.14 and 4.15 show the disturbance step response for the open- and the closed-loop, for 
both the outputs under consideration. The open-loop has an oscillatory response as 
expected. The closed-loop system with the LQG controller settles to a steady state with 
only one significant overshoot and the performance as compared to the nominal case is 
not degraded by much. Avery similar behavior is observed with the H~ controller. The 
only difference being that there is absolutely no visible degradation in performance over 
the nominal case and the controller is able to cope with the varying nature of the plant 
without much difficulty. On the contrary, the response of the first output corresponding 
to the closed-loop with the PI controller goes unstable. This shows that the PI controller 
is not robust and supports the conclusion made from Fig. 4.11. Another very important 
observation worth mentioning is that, even though the open loop system is stable for 
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Figure 4.10 Singular values of Nydwd in the case of H~ controller 
A second set of perturbation analysis is carried out to show the superior performance 
delivered by the H~ controller over previously designed LQG controller. Since the LQG 
controller is also robust for the uncertainties considered, the perturbations set used for 
this case are beyond the allowable limit. The perturbed parameter values chosen may 
not reflect realistic situations but aids in providing ahead-to-head comparison between 
the two controllers. The plant parameters for the new perturbed system are as follows, 
Ma = 1200; Ka = 60000; Ca = 1500; Mt = 60; Kt = 0.5e5; and Ct = 70. 
Figures (4.18) and (4.19} show the responses of the perturbed open- and closed-loop 
systems. It is noticed that the response obtained from the LQG controller is oscillatory 
and the system is on the verge of instability. Just like in the previous case, even though 
the open loop is stable, the closed Loop with the PI and LQG become unstable. But, even 
for this extreme case which may be only of theoretical interest, the performance of the 






















Figure 4.11 Structured Singular value (µ) in the case of PI controller 
4.3 Observations 
The first four chapters are devoted to evaluating different controller designs for a 
contemporary active quarter car suspension model chosen from existing literature. Two 
control design methodologies: the Linear Quadratic Gaussian (LQG) and the mixed 
sensitivity H~ control designs were used to design controllers for the active suspension. 
The performance and robustness provided by each of the controllers was compared with 
that obtained for the well-tuned PI controller from [l2]. After a detailed analysis of per-
formance and robustness characteristics of all the controllers, the following observations 
can be made: 
• Both LQG and H~ control designs are superior to the well-tuned PI controller 
from [12]. 
• Even though the LQG controller performs satisfactorily under varying plant condi-
tions, the H~ controller has great potential for implementation On real-life system. 
Having established that advanced robust controller designs have distinct benefits over 
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Figure 4.12 Structured Singular value (µ) in the case of LQG controller 
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5 ACTIVE PNEUMATIC SUSPENSION 
Airsprings are widely used on trucks, SUV's and some cars as means to arrest unde-
sirable motion so as to provide a smooth ride. Use of airsprings as an active suspension 
device is a relatively new concept and has not been thoroughly explored. As explained 
in Sec.l.l, the active pneumatic suspension system investigated in this research is based 
on a novel concept of infinitely variable natural frequency (IVNF). It is the intent of 
this research to evaluate the feasibility of combining the advantages of advanced control 
design techniques with active IVNF pneumatic suspension (i.e., airspring system) de-
sign. This study is focused on development of complete analytical model and simulation 
analysis for the active IVNF pneumatic suspension concept. 
5.1 Introduction 
As mentioned in Chapter 1, most current vehicles use conventional mechanical springs 
and passive dampers in the suspension system. These components are typically designed 
for some prescribed operating (load) condition and therefore exhibit optimal performance 
only for that particular load condition. That means, for most of the operating range, 
the performance of such passive suspension design is less than desired. Ideally, the best 
performance can be realized from such systems if the components of the suspension 
system can adapt in real-time to the changes in the load conditions and/or external dis-
turbances. In summary, even the best designed conventional passive suspension system 
becomes an undesirable compromise between conflicting demands like road handling and 
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passenger comfort . 
Although the benefits of active suspension system are known for several years, such 
systems are not very common in the present day automobiles, especially in passenger 
cars. The reason being, the design of active suspension system thought of thus far 
tends to be economically not viable as the cost, weight, and maintenance considerations 
outweigh the benefits of comfort. In order for the active suspension design to be practical 
for passenger cars, its benefits should outweigh its cost and it should exhibit much 
improved performance and robustness. It is shown in this research that the pneumatic 
system proposed in this thesis coupled with advanced controller designs outlined in 
Chapter 2 can provide a feasible solution for active suspension in passenger cars. 
The conventional active suspension designs based on mechanical and hydraulic com-
ponents have to introduce rather. large amounts of control energy into the system to 
obtain the desired performance. This control energy comes at a price. For instance, 
actuation of a hydraulic cylinder, which is the most typical active component used on 
vehicles requires large flow rates of hydraulic fluid in a very short time interval. This re-
quires high power and high bandwidth hydraulic actuators which lead to higher control 
costs. Also, use of hydraulics leads to increased maintenance and expensive component 
costs. In addition to the above mentioned drawbacks, most contemporary active suspen-
sions also retain the dashpot of the conventional suspension. This is undesirable when 
zero transmissibility is desired over the entire region of operation. These drawbacks 
of conventional active suspension system provide the main motivation for investigating 
a alternate and fundamentally different concept of IVNF active pneumatic suspension 
design. The proposed pneumatic system has fundamentally different dynamics as ex-
plained in Sec.l.l and is also mentioned here for the purpose of continuity. The active 
IVNF pneumatic suspension primarily uses an actively controlled air spring which is 
coupled with an accumulator. The main difference between the proposed active IVNF 
pneumatic suspension and the other contemporary active suspensions is that, in the 
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case of the pneumatic suspension, the suspension dynamics is altered not by introducing 
external energy into the system but by intelligently controlling the communication be-
tween the airspring and the accumulator, thereby altering the natural frequency of the 
system. By doing so, the system can be transformed from a state of zero damping up to 
a critically damped state. For the purpose Of simplicity, the dynamics of the pneumatic 
suspension system is modelled using a simple 2-DOF quarter car model similar to the 
contemporary model studied in part I. Given below is a brief description of the contents 
covered in various sections in part I. 
Section 5.2 gives an overview of the main components of the pneumatic quarter car 
suspension model. Section 5.3 describes the mathematical modelling and the lineariza-
tion procedure used to obtain a control design model for the pneumatic quarter car 
suspension model, respectively. Using this mathematically obtained linearized pneu-
matic .suspension model, the robust LQG and H~ controllers are designed. The simu-
lation results shown in Chapter 6 demonstrate the performance and robustness of these 
controllers. 
5.2 Modelling of Pneumatic Quarter Car Model 
Figure 5.1 shows the schematic of a 2-DOF pneumatic quarter car suspension model. 
The pneumatic system basically comprises of an airspring, an accumulator and a variable 
orifice mechanism. A height control valve is also included in the system. 
Airspring: The airspring is a sleeve type airbag, which functions as a conventional 
mechanical spring with the added feature that when used with the height control 
valve, it maintains a preset optimum design height under varying load conditions 
thus allowing it t0 operate in its linear region. The airspring used in the experimen-
tal test rig is a 1T1ZE-3 Firestone sleeve type airspring with a 0.75 inch diameter 
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Figure 5.1 pneumatic quarter car model 
Accumulator: The accumulator is a large reservoir of air. The main function of the 
accumulator is to generate additional air volume when vented to the airspring. 
This additional volume generated causes the pressure in the airspring to drop and 
hence its stiffness. This reduced stiffness helps in significantly reducing the natural 
frequency which is desired when aiming for low transmissibility. The accumulators 
are built using 4 inch diameter PVC pipes and fittings. 
Variable Orifice: The variable orifice mechanism connecting the airspring with the 
accumulator establishes the degree of communication between the two. For the 
present setup, abang-bang solenoid operated valve which drives a piston in a 
cylinder is used to produce the variable office mechanism. In this system, only two 
states can be achieved, either fully open or fully closed. 
Height Control Valve: This device helps the airspring to operate at a preset optimum 
design height regardless of the load. The working principle of the height control 
valve is as follows. When load is added by adding mass to the chassis, it forces 
the airspring to compress. The height control valve senses this compressed state 
of the airspring and bleeds air into the spring from a high pressure source thus 
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returning the spring to its design height. On the other hand, when load is reduced 
by removing some mass from the chassis, the spring extends beyond its design 
height. At this state, the height control valve bleeds air from the airspring to 
the atmosphere thereby bringing the spring back to its design height. The height 
control valve has a delay of about 6 seconds which prevents it from entering into 
the transient dynamics of the suspension. A Neway 6 second delay height control 












Figure 5.2 Schematic diagram 
For the case of the pneumatic suspension system, the entire suspension comprises 
only of the airspring. The pneumatic processes that govern the behavior of this spring are 
inherently non-linear and irreversible in nature and the mathematical modelling should 
be able to capture the physics of these processes to the maximum extent possible. In 
order to accomplish this objective while keeping the computational complexity under 
manageable proportions, the following assumptions are made to establish the behavior 
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of the airspring. 
• The sleeve of the airspring which acts as a piston has negligible friction. 
• The airflow between the accumulator and the airspring are assumed to be irre-
versible and the instantaneous pressure and specific volume of air in the airspring 
and the accumulator is governed by an adiabatic, isentropic relationship given by, 





ry= Ratio of specific heats. 
c=Isentropic process constant. 
The non-linear equations of motion governing the dynamic behavior of the 2-DOF 
pneumatic quarter car suspension model shown in Fig. 5.2 are taken from [19] and are 
as given by Eqns. (5.2-5.12). 
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and, 
ma —mass of the chassis. 
mt -}mass of the wheel. 
Kt -- stiffness of the wheel. 
Ct - damping co-efficient of the wheel. 
Ca damping co-efficient of the airspring due to friction forces. 
xas -instantaneous height of the airspring. 
xaso -optimum design height of the airspring (5") . 
pas -instantaneous pressure of the airspring. 
pa -instantaneous pressure of the accumulator. 
aas --instantaneous cross sectional area of airspring. 
ao -instantaneous area of the orifice. 
mas instantaneous mass of air in airspring. 
ma~~ -instantaneous mass of air in accumulator. 
Va volume of accumulator. 
ed -discharge co-efficient of orifice. 
g -~ acceleration due to gravity. 
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-y --ratio of specific heat for air. 
c --~isentropic process constant. 
As evident, these equations of motion are inherently non-linear. Hence, in order to 
obtain a state space representation, linearization has to be performed. The following 
rational assumptions are made for linearization of the equations of motion. 
1. The reference point for linearization is chosen to be the steady state condition 
when the vehicle is moving on flat terrain. In this state, both the chassis and the 
wheel mass are assumed to have no motion in the vertical direction. Also, their 
velocities and accelerations in the vertical direction are assumed zero. Hence, 
~a xa ~a ~t xt ~t - ~' 
SS 
2. The cross sectional area of the airspring aas is assumed to remain constant and is 
equal to 8.11e — 3 m2. Also, the design height of the airspring xaso is maintained 
at a constant value of 5" during operation. 
3. The orifice connecting the airspring with the accumulator is open half way through. 
The diameter of the orifice in this state is 0.75 inch. This value is chosen so the 
communication between the airspring and the accumulator is unconstrained at 
steady state. 
4. Since the volume of the accumulator is very large as compared to that of the 
airspring, the pressure in the accumulator is assumed to be constant when the 
system is perturbed about the steady state. This is because, the perturbations are 
assumed to be linear and very close to the operating point. 
5. The area of the airspring is about 20 times that of the orifice. Hence the second 
part of the term L3 is very small when operated in the linear region and hence is 
neglected. So, L3~1. 
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6. In order to linearize the equations, the absolute value function has to be re-
moved from terms L2 and L4. We recognize that the absolute value function 
is used in these terms to ascertain the direction of air-flow between the air-
n 
spring and the accumulator. We can verify that by replacing L2 by L2 where, 
n ~'+ 1/ - 2/ ~ n L2 = pa ~` _ pa ~` and L4 by ~4 = 1, the same behavior can be 
pas pas _ / 
replicated. 













xa ~ Absolute displacement of the chassis. 
~a —~ Absolute velocity of the chassis. 
xt --~ Absolute displacement of the wheel. 
~~ -~ Absolute velocity of the wheel. 
mas —~ mass of air in the airspring. 
Using these assumptions, the non-linear equations of motion given by Egns. (5.2-5.12) 
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Perturbing the equations of motion about the reference point, which in the present 
case is the steady state and using the assumptions made for evaluating the steady state 
value of the state variables, the perturbed equations of motion can be obtained as shown 
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where, 
maso —mass of air in airspring at steady state. 
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xaso —design height of airspring. 
ao --urea of orifice at steady state. 
N4* —value of N4 evaluated at steady state. 
N5* —value of N5 evaluated at steady state. 
Arranging Eqs (5.24-5.28) in state space form we have 
0 x5 
0 1 0 
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0 0 0 






























The control input to the system is the orifice area Oa and the disturbance input affecting 
the system is in the form of the road displacement Od. 
The model has two measured outputs: 
(i) x Te( _ ~xt — xa) -the relative displacement between the chassis and the wheel 
mass, and 
(ii) xa = (aa) -the acceleration of the chassis. 
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Hence, the measured outputs are given by, 
0x1
- - 0 x2 - - - -
1 0 1 0 0 0 0 
~m = Ox3 + Da -{- Od (5.37) 
Q l — 
Ca 
— Q l G`a, (~ 2 0 0 mom, 
ma ~`~' - 0x4 - - - - 
0x5 
The main performance objective of the present design is passenger comfort . This ob j ec- 
five is not very clearly defined and can be quantified in different ways. However, in the 
present study, passenger comfort is determined by observing the absolute displacement 
of the chassis and its acceleration. Also, even though road handling is not a performance 
measure for ascertaining passenger comfort, the relative displacement of the wheel and 
chassis which signifies the road handling behavior of the automobile, is monitored for 
safety reasons. Hence, combining these measures, the performance output equation then 
becomes, 
0 x1 
1 0 0 0 0 0x2 0 0 
yP = 1 0 1 0 0 0x3 + p Oa + Q Od (5.38) 
Q1 — ~,~~LQ~ —Q1 Lma J Q2 _ 0~4 Q J 
0 x5 
The values of the parameters required to generate the state space matrices are given in 
tables 5.1 and 5.2. 
In order to obtain the stiffness and damping of the wheel, system identification 
is performed on the experimentally obtained data from a simple test rig containing 
only the wheel mass assembly and Matlab command (infregs) is used for curve fitting. 
However, since the dynamics of the wheel is basically of second order, an analytical 
transfer function using ~ and Wn to define the characteristic polynomial is also used for 
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Table 5.1 Nominal values of the system parameters for the pneumatic model 
maso = 3.2136e-3 1~g c = 54065 N o = 2725 
N l = 23184 N 2 = 1.67685e9 N 3 = 4.7252e6 
N 4 = 456 N 5 = 1982 Q ~ _ -175 
Q2 = 6905 P l = 1486 P2 = 58720 























Figure 5.3 System identification of wheel parameters 
the purpose of simplicity in identification. From Fig. 5.3, it is evident that both the 
system identification and analytically obtained transfer functions match very well with 
the experimental plot. The natural frequency wn was found to be approximately 80 
rad/s and the damping co-efficient was about 0.16. Hence, from these values of damping 
co-efficient and natural frequency, the stiffness and the damping constant for the wheel 
can be easily determined and are as shown in table 5.2. 
5.4 Uncertainty Characterization 
This section presents characterization of plant uncertainty in a similar fashion as in 
the case of the contemporary suspension model. As before, it will also be used to ascer-
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taro the robustness of the LQG controller designed for the pneumatic suspension unit. 
Table 5.2 shows the nominal values of the system parameters and their perturbations 
considered in this design. 
Table 5.2 Nominal and perturbed parametric values for the pneumatic 
model 
Chassis Tire 
Ma =90~ lOkg Mt=16 5 kg 
Ka Kt= 1e5 ~ O.le2 N/m = 
Ca=50 ~ 10 Ns/m Ct =600 f 100 Ns/m 
The plant uncertainty is assumed to be in the form of parametric variations, i.e., 
variations in the damping, stiffness, and the mass properties of the system like in the 
case of the contemporary model. These parametric variations are modelled using an 
unstructured output multiplicative uncertainty characterization given is Sec. 2.1.1. 
The weights obtained for the case of the pneumatic suspension model as as shown in 
equation set 5.39. 
W o
Tel 
0.0757s4 -f- 21.39s3 + 472.5s2 + 577.53s -}- 78.39 
s4 -}- 53.22s3 -~ 2987s2 -+- 2000s ~- 2254 
0.219s6 -I- 21.17s5 -{- 421.2s4 -~ 442.5s3 -}- 302.1s2 -I-- 1.2s -E- 0.2604 
0.6s6 -}- 40.55s5 -}- 1400s4 -~ 3357s3 -~- 5700s2 -}- 3700s -}- 3000 
(5.39) 
The Bode plots of weighting functions in Eq. (5.39) are shown in Figs. 5.4 and 5.5. 
5.5 Weighting unctions in the Case of LQG Controller 
It was explained previously that, the singular values only provide condition for as-
certaining robust stability. In order to obtain conditions both for robust stability as 
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Figure 5.4 Uncertainty weight of Tel 
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weighting functions. The selection of these weighting functions is highly dependent on 
the nature of the plant. However, since the pneumatic suspension model has the same 
essential dynamics as the contemporary model, the weighting functions selected for the 
present case are not very difFerent from before and are as explained next. 
5.5.1 Performance Weights 
The pneumatic quarter car model considered has three performance outputs. As 
before, the performance weights for each of the outputs have to be chosen taking into 
consideration the physical aspects pertaining to that output. Once the dynamics of the 
weighting function has been determined, the DC gain of the weights can then be altered 
so as to to satisfy the robustness condition. 
For the first output, which is xret, the magnitude of xTel has to be kept small over a 
wide range of operating regime so that transmissibility is reduced; but at the same time, 
if the magnitude is very small, then the driver may not have any feel for the variations 
in the road profile, which can be dangerous in some situations. Hence, an appropriate 
low pass filter given by the Eq. (5.40) is chosen as the performance weight. The Bode 
63 
-50 














Figure 5.5 Uncertainty weight of ~a
plot for the filter is shown in Fig. 5.6. 
_ 1 
wp ~Tel — s '"~— 10 
103
(5.40) 
The second output is the acceleration of the chassis (xa). As explained before, the human 
body does not appreciate vibrations especially around the 2 Hz region. Hence, in order 
to suppress the acceleration of the chassis at this frequency, a band pass filter is chosen 
which provides a notch at the desired frequency of 2 Hz. The transfer function of the 
filter is given by the Eq. (5.41) and the Bode plot is as shown in Fig. 5.6. 
O.Ols 
wp~a, s2 -}- 7s -~- 40 
(5.41) 
The third output is chassis displacement (xa). For achieving a smooth ride, the magni-
tude of xa has to be kept small over the entire operating regime so that transmissibility 
is reduced. A typical quarter car model has an operating regime of 0-20 Hz. Hence, an 
appropriate low pass filter with a cutoff frequency of 150 rad/s (~ 20 Hz) is chosen and 
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Figure 5.6 Performance weights in the case of LQG controller 
5.5.2 Control Weighting Function 
(5.42) 
The control weighting is chosen to be a small constant value of 0.5 in order to satisfy 
the robust performance constraint given by Eq. (2.23). Hence the transfer function is 
given by Eq. (5.43) and the corresponding Bode plot is shown in Fig. 5.6. 
Wu = 0.5 (5.43) 
5.6 LQG Controller Parameters 
In chapter 2, an iterative procedure was presented to obtain a robustified LQG design. 
It was shown that using frequency domain robustness condition, an iterative procedure 
can be used to synthesize LQG controller that is robust to certain class of uncertainties 
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in the plant model. The control design parameters are weighting matrices Q and R and 
noise covariances V and W . These parameters were chosen similar to the case of the 
contemporary model in an iterative fashion to meet the robust stability condition of Eq. 
(2.13) as well as nominal performance requirements. The iterative procedure resulted in 
the following LQG design parameters for the pneumatic model: 
Q 
V 
1e4 0 0 0 0 
0 le8 0 0 0 





0 0 1 0 
0 0 0 lea 
R = [8 * 1e6] (5.44) 
W = [9 * le6] (5.45) 
5.7 Weighting ~.inctions in the Case of H~ Controller 
It was mentioned in chapter 2 that the synthesis of H~ controller depends on the 
selection of the weighting matrices. For the synthesis of the stacked H~ problem de-
scribed by Eq. (2.14) and for the µ analysis explained in Sec. 2.3, weighting functions 
are required to weigh the performance outputs, control inputs and the complimentary 
sensitivity function which in our case is a bound on the unstructured output multiplica-
tive uncertainty. The weighting functions selected for the case of H~ controller differ 
from those selected for the case of the LQG only by DC gain. This is due to the fact 
that, the basic form of the weighting functions depend only on the nature of the plant 
and not the type of controller used. However, the degree of robustness offered differs 
based on the type of the controller used and hence by altering the DC gain alone, the 
tightness of the bound can be altered while preserving the basic nature of the weighting 
functions. It will be evident from the following sections that the weights used for the 
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synthesis and the ~c analysis of the H~ controller are much more tight than those used 
for the µ analysis of the LQG controller basically due to the superior capability of the 
H~ control scheme over that of the LQG. 
5.7.1 Performance Weights 
Equation (5.46) is chosen as the performance weight for output xrel - As compared 
to the case of the LQG in Sec. 5.5.1, the DC gain of the weight has been increased by 
a factor of 5. This ensures a much tighter bound in the low frequency region, since the 
reciprocal of the weight forms an upperbound on the corresponding performance output, 
thereby ensuring better performance. The corresponding Bode plot for the performance 
weight is as shown in Fig. 5.7. 
5 
wp xrel s -~- 10 
(5.46) 
Equation (5.47) is chosen as the weight for the second performance output, which is 
chassis acceleration (xa). Similar to the previous case, the DC gain for this perofrmance 
weight has been increased by a factor of 55 as compared to the corresponding weight used 
for the case of the LQG so as to assure lower transmissibility at the desired frequency 
of 2 Hz. The Bode plot of the resulting weight is as shown in Fig. 5.7. 
0.55s 
wp~Q 
s2 -}- 7s -I- 40 
(5.47) 
Equation (5.48) gives the transfer function of the performance weight for the third 
output, which is chassis displacement (xa). In order to tightly constrain the magnitude 
of chassis displacement, the magnitude of xQ has been further reduced by a factor 10 as 
compared to the case of the LQG. The Bode plot for the filter is as shown in Fig. 5.7. 
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Figure 5.7 Performance weights in the case of H~ controller 
5.7.2 Control Weighting Function 
The control weighting is chosen to be a small constant value of 5e — 6 in order to 
achieve better control over the performance outputs. This was found to be the smallest 
value permissible for achieving a stabilizing controller in the present case. Also, it was 
noticed that even with such a small weighting on the control input, the control effort 
demanded by the controller was feasible. The transfer function is given by Eq. (5.49) 
and the corresponding Bode plot is shown in Fig. 5.7. 
Wv, = 5e — 6 (5.49) 
5.7.3 Uncertainty Weights for LQG and H~ Controllers 
Since the uncertainty affecting the plant is independent of the type of controller used, 
for the purpose of fair comparison, the uncertainty model and corresponding weights 
chosen for the synthesis of the H~ controller and those chosen for the robustness analysis 
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of the LQG design are the same and are as explained in Sec. 3.2. Similar to the ease 
of the contemporary model, the uncertainty weighting matrix WT chosen for the case 
of the H~ controller design is the same as the output uncertainty weighting matrix Wo
given in Sec. 3.2. This is because, the transfer function seen by the output multiplicative 
uncertainty is nothing but the complimentary sensitivity function (T) and WT is also the 
weighting for the same transfer function. Hence, intuitively, by choosing WT equal to 
Wo , the uncertainty afrecting the system can be captured. A detailed explanation of the 
type of uncertainty and the uncertainty weights chosen to upper bound the uncertainties 
is given in Sec. 5.4. 
chapter 6 presents the simulation results for ascertaining the performance and ro-
bustness in the case of the LQG~ and the H~ control designs undertaken on the linearized 
pneumatic quarter car model. 
~9 
6 SIMULATION RESULTS FOR PNEUMATIC 
SUSPENSION SYSTEM 
This chapter presents simulation results for different controller designs (discussed 
in Chapter 2) used to actively control the pneumatic suspension system described in 
Chapter 5. The main performance measure considered for control design objective was 
passenger comfort. This chapter is subdivided into two main sections. The first section 
presents simulation results for the case of the nominal quarter car model whereas the 
second section presents the results for the perturbed plant conditions. In both cases, 
the controller designs are compared for their stability and performance characteristics. 
6.1 Performance Analysis 
Figure 6.1 shows the open- and closed-loop bode plots of the chassis acceleration. 
The passenger comfort is primarily assessed based on this measure. The open-loop 
bode plot shows peaks at two frequencies corresponding to the natural frequencies of 
the chassis approximately (1.0 rad/s) and the wheel approximately (80 rad/s). In the 
closed-loop plot, the peak at the chassis natural frequency is completely damped by the 
LQG controller and a significant reduction in gain is noticed at this frequency. However, 
the closed-loop plot peaks at the wheel natural frequency and the gain at this frequency 
is above the 0 dB line. The undesirable peak observed at the natural frequency of the 
wheel can be attributed to the inability of the LQG controller to suppress this peak 
due to lack of sufficient bandwidth. However, from the plot corresponding to the H~ 
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controller, it is evident that a superior performance is achieved as compared to the LQG 
controller. Note that the gain at low frequencies, especially at the natural frequency of 
the chassis, is considerably lower than the LQG controller. Also, most importantly, the 
overall gain of the closed-loop system is below the 0 dB Iine at all frequencies. This 
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Figure 6.1 Bode plots of chassis acceleration ~a 
bode plot for the chassis displacement. It can be noticed from the open-loop plot that 
the peak corresponding to the natural frequency of the chassis is above the 0 dB line. 
From the closed-loop plot of the LQG controller, it can be inferred that the controller is 
able to damp the mode corresponding to the chassis natural frequency and is also able to 
suppress the gain at high frequencies. However, the gain at low frequencies is unaltered 
and equal to one, which is undesirable. However, the I~~ controller suppresses the gain 
at low frequencies below the 0 dB line where the LQG controller fails to achieve any 
improvement over the open-loop. 
Bode plot of the suspension space is plotted in Fig. 6.3. In the case of the LQG 
controller, even though the controller damps the natural frequency of the chassis, the 
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Figure 6.2 Bode plots of chassis displacement xa
This degradation in performance can be explained as follows; Suspension space and 
passenger comfort are conflicting demands. The main objective of this research is to 
improve passenger comfort and hence due to the conflicting nature of the demands, the 
performance related to suspension space degrades. This degradation in performance was 
also noticed in the case of LQG controller designed for the contemporary model in part I. 
But, in the case of pneumatic suspension system, since, energy is not added in any form to 
alter the dynamics, the degradation observed is profound. Even under such conflicting 
constraints, due to a more advanced and systematic optimisation algorithm, the H~ 
controller is able to overcome this inherent compromise and improves the performance 
of this measure. The closed-loop bode plot in the case of the I-~~ controller is below that 
of the open-loop and the odB line at all frequencies, which is a phenomenal improvement 
in performance. 
Figures 6.4-6.6 show the response of the system to an impulse disturbance input. 
The road disturbance which may in the form of a bump is modelled as an impulse input 
with height 3 cros. 
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Figure 6.3 Bode plots of relative displacement between chassis and wheel 
xrel 
a couple of considerable overshoots apart from the peak overshoot and the settling time 
is about 0.35 sec. In the case of the LQG controller, even though the settling time has 
been reduced to about 0.25 and the magnitudes of the overshoots have been reduced, 
the peak overshoot is almost equal to that of the open-loop. However, in the case of the 
H~ controller, the chassis is almost completely isolated from the disturbance input. All 
the overshoots including the first overshoot are almost zero, thereby achieving near zero-
transmissibility. Since, the main aim of this research was to reduce chassis acceleration, 
which helps in reducing passenger discomfort, it can be concluded that the objective has 
been achieved . 
Figure 6.5 shows the profile of chassis absolute displacement to the impulse distur-
bance input. Chassis displacement is not a primary performance objective for passenger 
discomfort, but, it is desired to minimize the amplitude of the chassis displacement when 
aiming for a smooth ride. From the Fig. 6.5, a phenomenal improvement in performance 
can be noticed in the case of the H~ controller. The open-loop has an unacceptably high 
setting time of about 15 sec. In the case of the LQG, even though the peak overshoot 
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Figure 6.4 Impulse disturbance response of chassis acceleration for nominal 
plant 
is reduced by a factor of 4, the settling time is still very high. However, for the case of 
the H~ controller, a phenomenal reduction in overshoot is noticed and hence, it can be 
concluded (for all practical purposes) that the chassis remains almost still when the car 
moves over a bump or a pot hole. Also, the settling time has been reduced from 15 sec 
to 2 sec which is excellent . 
Figure 6.6 shows the relative displacement between the chassis and the wheel. As 
mentioned before, this performance measure signifies road handling capabilities of the 
automobile. It was shown in Fig. 6.3, that in the case of the LQG controller, performance 
of this measure degraded. For safety reasons, it is desired that the road handling feature 
of the car is not degraded considerably. Hence, to get a better idea of the amount of 
degradation, time domain analysis is performed. From Fig. 6.6, it is noticed that the 
maximum overshoots in the case of the closed-loop system with the LQG controller 
are about 10 percent higher and the settling time has not been altered drastically as 
compared to the open-loop. Hence, in the case of the LQG controller, even though 
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Figure 6.5 Impulse disturbance response of chassis displacement for nomi-
nal plant 
case of the ~~ controller, instead of any degradation, the performance of this measure 
is greatly increased. Firstly, the magnitude of the peak overshoot has been reduced 
tenfold. Secondly, the settling time has been reduced from about 0.45 sec to 0.2 sec. 
Due to the enhancement of this measure, it can be concluded that the compromise 
between passenger comfort and road handling which was inevitable in the case of the 
open-loop and the closed-loop with the LQG controller, has been overcome by the H~ 
controller. 
As mentioned before, performance enhancement forms only one aspect of design. 
Another very critical consideration is that of the control efrort required. Figures 6.7 
and 6.8 show the two components of the LQG and the H~ controllers respectively. 
one interesting feature that can be noticed from both the plots is that they resemble 
the behavior of a PI controller. This ensures that the steady state errors for both the 
outputs approach zero for either an impulse or a step input. From the magnitude subplot 
of both the figures, it is evident that the control effort demanded by the H~ controller is 
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Figure 6.6 Impulse disturbance response of Suspension space for nominal 
plant 
model, not only does the H~ controller provide superior performance, but also demands 
lesser actuating power, which makes it even more suitable for implementation purposes 
in the present case, since, the amount of actuation required, which is directly related to 
the orifice diameter is constrained. 
Figure 6.9 and 6.10 show the time history of the control effort for the case of the LQG 
and the H~ controllers respectively. Since, the control input is modelled as instantaneous 
change in orifice area, it can be inferred from the plot that approximately 2.8 inches 
change in diameter size is demanded by the LQG controller. This is an unacceptably 
high value which cannot be realized. However, from Fig. 6.10, the change in orifice 
diameter required for the case of the H~ controller is approximately 0.7 inch. This 
change in orifice can be more easily achieved and hence, the H~ controller appears to 


















Figure 6.7 Bode plots of the first component of the controllers Karel 
6.2 Robustness Analysis 
Robustness analysis is performed on the active pneumatic suspension model in the 
exact same way as in the case of the contemporary model. The uncertainty weights 
for the output multiplicative uncertainty are obtained as explained in Sec. 5.4. The 
performance weights for the pneumatic suspension case are are as explained in Sec. 
5.5.1 and 5.7.1. 
Figure 6.11 shows the magnitude of the singular values for the case of the LQG 
controller. It is noticed that the peak of the magnitude plot is around 1.28, which is 
greater than 1. Hence, from condition 2.13, it can be concluded that the closed-loop 
system is not robustly stable to the uncertainties considered. But, such a conclusion 
would not be completely correct in the present case, since, the uncertainty affecting the 
system has a diagonal structure associated with it. As mentioned before, for structured 
uncertainty,the condition imposed by singular value analysis only provides sufficiency. 
Hence, µ analysis is performed to obtain the necessary condition. 
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Figure 6.8 Bode plots of the second component of the controllers Kxa
the LQG controller. The peak magnitude for robust stability and robust performance 
are strictly less than 1. Hence, it can be concluded that the closed-loop system is not 
only robustly stable to plant uncertainties but also delivers robust performance in the 
presence of uncertainty affecting the plant. This also shows the conservative nature of 
method using singular values for robustness analysis in the case of structured uncertainty. 
Similar robustness analysis is performed for the case of the H~ controller. Figure 
6.13 and 6.14 show the magnitude of the singular values and the structured singular 
values respectively for the case of the Ha, controller. Even though, the singular values 
provide a conservative result, the peak magnitude is still less than 1 showing the amount 
of robustness the H~ controller delivers. Also, the peak value of the structured singular 
value, which provides a more accurate result regarding robustness is also less than 1. 
Hence, like in the case of the LQG controller, the closed-loop system with the ~I~ 
controller is also robustly stable to plant uncertainties and delivers robust performance 
in the presence of uncertainty affecting the plant. 
For the purpose of comparing the degree of robustness of each of the controllers, the 
plant parameters are perturbed and time domain simulations are performed. Figures 
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Figure 6.9 Control effort in the case of the LQG controller for the nominal 
plant 
6.15, 6.16 and 6.17 show the disturbance step response for the open- and the closed-
loop, for the three performance outputs. Since the LQG controller is also robust to the 
uncertainties considered, the perturbations set used are beyond the allowable limit given 
by table 5,2. The perturbed parameter values chosen may not reflect realistic situations 
but aids in providing ahead-to-head comparison between the two controllers designed. 
The plant parameters for the perturbed system are as follows, Ma = 9Q; Ca = 50; 
Mt = 16; Kt = 0.05e5; and Ct = 25. 
From Figs. 6.15, 6.16 and 6.17, it is noticed that the closed-loop with the LQG 
controller has gone unstable. However, even under such an extreme perturbation, the 
response in the case of the H~ controller is not only stable, but does not degrade 
considerably from its nominal performance. This clearly shows the superiority of the 
H~ controller over the LQG, strengthening the claim made in part I. Again, like before, 
even though the open-loop is stable, the closed-loop with the LQG controller is unstable. 
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Figure 6.15 Disturbance impulse response of chassis acceleration for per-
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7 CONCLUSIONS AND FUTURE WORK 
The main objective of this research was two-fold: the first objective was to assess 
the benefits of using advanced control methods for the design of active suspension sys-
tems: the second objective was t0 investigate a relatively new concept Of active IVNF 
pneumatic suspension design. Chapters 2-4 were focused on addressing the first of the 
two objectives using a contemporary quarter car model. The remainder Of the chapters 
were focused on analysis of the proposed active IVNF pneumatic suspension system. 
7.1 Conclusions 
A contemporary active suspension model used in the first part of the thesis was taken 
from [l2]. The PI controller design presented in this reference was used to compare with 
the controller designs obtained in this research. The two control design schemes used for 
this comparison included LQG and mixed sensitivity H~ formulations. The observations 
made from this comparison are summarized below. 
~ On observing both the frequecy domain and time domain plots, it is noticed that 
both PI and LQG designs provided identical performance enhancements for the 
nominal model. However, the .~~ control scheme achieved an excellent perfor-
mance improvement over both the PI and the LQG designs for the nominal model. 
For instance, from the bode plots shown in Figs. 4.1 and 4.2, it is evident that the 
gain from the disturbance input to the performance outputs is below that of the 
open loop and the 0 dB line at all frequencies for the case Of the H~ controller. 
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• The PI controller was unable to provide either robust stability ar robust perfor-
mance in the presence of plant uncertainties. But, both the LQG and ~~ designs 
achieved the desired robustness. 
• From the bode plots of the controllers, it is noticed that the LQG controller has a 
peak gain of 30 dB higher than the PI controller, while delivering similar perfor-
mance enhancements. However, the I~~ controller achieved desired robust stability 
and performance, and at the same time has a peak gain of about 10 dB lesser than 
the PI controller. Due to this reduced control effort required and good perfor-
mance offered by the H~ controller, it shows promise for further investigation in 
the case of the active pneumatic suspension. 
The analytical and simulation study for the proposed pneumatic active suspension 
design. was conducted in the second part of this thesis. The results obtained from this 
study are very encouraging from the point of view of realizing the proposed concept in 
real-life automobiles. The following are key observations made during this study: 
• The dynamic behavior of the open-loop pneumatic suspension model was observed 
to be unacceptable as expected. For example, the settling time for the chassis mass 
was about 20 sec which is unacceptably high. 
• The LQG controller provided robust stability and robust performance for the class 
of uncertainty considered. However, the the closed-loop nominal performance in 
the case of the LQG controller was still not within acceptable limits. This is 
evident from disturbance impulse response of the chassis shown in Fig. 6.5, where 
the settling time is about 10 sec. Also, from Fig. 6.6, the overshoots for the case of 
the LQG controller were about 10 percent higher than that of the open loop, which 
shows that the performance as regards to road handling has degraded. Apart from 
the above mentioned drawbacks, it was noticed from Fig. 6.9 that the control 
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effort required by the LQG controller was unacceptably high. A change in orifice 
diameter of approximately 2.8 inches cannot be realized for all practical purposes. 
• The H~ controller on the other hand not only achieved the desired robustness 
as shown in Figs. 6.13 and 6.14, but also provided remarkable improvement in 
the performance. The performance enhancement is especially evident in Fig. 6.4, 
which corresponds to the disturbance impulse response of chassis acceleration. It 
is observed that the magnitude of the chassis acceleration can be taken to be zero 
for all practical purposes and hence it can be concluded that the H~ controller 
achieves near zero transmissibility. 
• Other notable advantage of the Ham, controller is that the control effort required 
was within acceptable limits. The primary reason for requiring reduced control 
energy for pneumatic case is, unlike in the case of contemporary model, instead 
of introducing additional energy into the system, energy is transferred from the 
accumulator to the airspring in an intelligent manner by regulating the orifice 
area which is limited in size. Figure 6.10 shows that a change in diameter of 
approximately 0.7 inch is demanded, which is reasonable and can be realized. 
In summary, from the extensive study conducted in this research and from the promising 
results obtained as explained above, it can be concluded that the novel concept of pneu-
matic active automobile suspension is technically and economically a viable concept and 
implementation of this concept on real-life automobiles can potentially revolutionize the 
suspension designs for future generation of road vehicles. 
7.2 Future Work 
One of the main limitations for experimentally validating this simulation study con-
ducted in the course of this thesis was that for controlling the air flow between the 
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airspring and accumulator a variable orifice mechanism is required. Such a mechanism 
is present not available in the market and has to be custom designed and built. Future 
work will focus on experimental validation of both the contemporary active suspension 
design which uses mechanical springs and hydraulic cylinder, and the novel active IVNF 
pneumatic suspension design which uses an airspring and accumulator. The first task 
will involve design and fabrication of variable orifice mechanism before experimental 
testing of active IVNF system could be performed. Some preliminary work has already 
been undertaken in the direction of building the experimental test rig. The subsequent 
paragraph gives a brief description of the main components of the experimental test rig 
under construction. 
The experimental test rig built is as shown in Fig. 7.1. The main components 
making up the test rig are the shaker table, I-beam hard back, precision machined linear 
motion path with pillow blocks and bearings, pneumatic suspension with airspring, 
accumulator, variable orifice and height control valve, chassis mass and wheel mass. 
The instrumentation side of the setup comprises of a dynamic signal analyzer, ICP 
signal conditioners and accelerometers. 
(a) Shaker Table: 
The shaker table serves as a vibrating base on which the equipment to be tested is 
mounted. In this research, the shaker is used to generate the road terrain. The shaker 
also has the ability to accept sine waves from a signal generator and hence is also used 
to perform sine sweeps to determine the desired transfer functions of the system. With 
the shaker performing the most important tasks of the research, it literally forms the 
heart of the experimental setup. 
(b) I-beam Hard Back: 
A heavy I-beam hard back is used to support the linear motion path for the chassis and 
the wheel mass. The main function of the hard back is to prevent any transverse loading 
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on the linear motion path by allowing motion to occur only in the vertical direction. 
In order to accomplish this, the hard back is fastened securely to the shop floor with 
the help of 0.5 inch bolts and steel dogs and strengthened in the transverse direction by 
cross members. 
(c) Linear Motion Path: 
In order to produce a near perfect 2-DOF quarter car model, the chassis and the wheel 
should be constrained to move only in the vertical direction. Also, the motion in the 
vertical direction must be free of fiction and other obstructions. In order to realize this, 
a linear motion path is built. It comprises of two case hardened steel shafts mounted 
on a sturdy aluminum support structure. The steel shafts are precision aligned to an 
accuracy of 0.001 inch to reduce friction forces obstructing the motion of chassis and the 
wheel. 
(d) Chassis: 
The chassis is made up of a carriage constrained on 3 sides by vertical plates in order to 
secure a series of lead bricks used as weights. The chassis is fastened onto a vertical plate 
with bearing pillow blocks. The carriage thus slides vertically along the linear motion 
path with the help of a set of linear ball bearings housed in the pillow blocks. 
(e) Wheel Mass: 
The wheel mass comprises of a wheel fastened onto an aluminum plate. The wheel has 
an OD of 10 inches and can sustain a maximum static load of 500 lbs. As in the case 
of the chassis, the wheel mass is also connected onto a vertical plate with pillow blocks 
and slides on the linear motion path with the help of ball bearings. The fire pressure is 
maintained at around 30 psi during operation. 
(f) Dynamic Signal Analyzer: 
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The dynamics of the pneumatic system is highly non-linear due to the compressible 
nature of air. Hence, it is very difficult to come up with an accurate mathematical 
model to capture its behavior. System ID becomes the only practical way to extract 
the complex dynamics. This is when the dynamic signal analyzer becomes invaluable. 
This equipment not only functions as a signal generator to produce a sine sweep but also 
analyzes the output signal, compares it with the input signal and plots the resulting bode 
plot on the CRT display. The equipment also has facility to store the experimentally 
generated data and convert it to .mat format for use in Matlab. The signal analyzer 
used in the present research is a SR785 model dual channel dynamic signal analyzer 
from Stanford research systems. 
(g) Accelerometers and Signal Conditioner: 
Three accelerometers are placed, one each on -the shaker table, the chassis mass and the 
wheel mass to measure displacement, velocity or acceleration of the respective compo-
nent. The output signal of the accelerometer which is basically a potential is input to 
an ICP signal conditioner which interprets the signal. The toggle switch on the output 
side of the signal conditioner can be flipped to obtain displacement, velocity or acceler-
ation as desired. The accelerometers used in the experiment are U353B51 and U353B52 
uniaxial ICP accelerometers from PCB piezotronics. The signal conditioner is model 
483B2o, 12 channel ICP signal conditioner also from PCB piezotronics. 
The dynamics of the airspring system has some challenging nonlinearities and better 
assessment of those can help in designing better controllers. Since obtaining an accu-
rate theoretical model is always very difficult, one has to rely on system identification 
techniques for deriving more practical models. From the experience of this research, the 
system identification techniques also need to be refined and/or further developed so as 
to obtain the lowest order possible transfer function fit to real-life systems. Upon com-
pletion of the test rig, it will be used to validate the simulation results obtained using 
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difrerent advanced controller designs for the active pneumatic suspension system. The 
experimental test rig will be equipped to test both contemporary and pneumatic suspen-
sion designs.The controllers will be implemented on real-life hardware using dSpace-1104 
data acquisition system. The future work will also focus on design and implementation 
of other advanced controller designs such as Glover-McFarlane H~ Ioop shaping, ~ syn-
thesis, and dissipative controllers. Ultimate aim is to test the pneumatic design on a 
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